Abstract: A light beam transmitted through scattering media usually turns into disordered speckles. Fortunately, there are iterative algorithms to focus light transmitted through scattering media using a spatial phase modulator (SPM). In this work, we optimized the conventional iterative algorithms to achieve greater efficiency via theory and simulations. Two independent processes, characterizing the transmission matrix (TM) of the scattering media and calculating the phase compensation of the SPM, are included in our optimized algorithm. While the TM of the scattering media is determined through the interference effect and the light reciprocity principle, the phase compensation of the SPM is calculated using the Rayleigh-Sommerfeld diffraction theory. By addressing these two processes separately, accelerating the process of characterizing the TM of the scattering media, and theoretically calculating the phase compensation of the SPM, our optimized algorithm is helpful for fast imaging through scattering media.
Introduction
Scattering media have been researched in the areas of ultrashort pulse compression [1] , the change of spectrum [2] , photorefractive holography [3] , imaging [4] - [8] , and focusing [1] , [9] - [17] . Random scattering of inhomogeneous media, such as biological tissues, will likely lead to a loss of spatial coherence of the incident light [9] , which jeopardizes the focusing of the transmitted light beam. In fact, a light beam transmitted through scattering media becomes disordered speckles [9] , [10] . Tremendous efforts have been dedicated to developing methods to reconverge the light beam, including optical phase conjugation [11] , time reversal of electromagnetic radiation [12] , and spatial wavefront shaping [9] , [10] , [13] , [14] . Studies have shown that when the incident wavefront is shaped by a spatial phase modulator (SPM), the disordered speckles can be converged into a spot. A high index resolution enhancement by scattering (HIRES) lens, taking advantage of the strong scattering, was developed to improve the resolution [10] . These findings have opened new possibilities for optical microscopy and light manipulation in optically thick scattering materials.
Various spatial wavefront shaping algorithms, including stepwise sequential algorithm, continuous sequential algorithm, partitioning algorithm, and genetic algorithm [15] - [17] , have been developed to determine the optimized phase compensation of the SPM. A major drawback of the above algorithms is that they are based on experiments that require a large number of iterations, which makes the process of obtaining the phase compensation of the SPM slow. Worse still, since these iterative algorithms learn the transmission matrix (TM) of the scattering media and find the compensating phase simultaneously, the phase compensation of the SPM has to be updated with experimental work for even a minor change, e.g., the location of any optical component in an imaging system. This troublesome and time-consuming process makes fast imaging through scattering media impossible.
In this work, we have optimized the conventional iterative algorithms to achieve greater efficiency in focusing light through scattering media. In our optimized algorithm, the two processes of characterizing the TM of the scattering media and finding the phase compensation of the SPM are implemented independently. First, the TM of the scattering media is obtained on the basis of the interference effect and the light reciprocity principle [18] - [20] . The phase compensation of the SPM is then calculated using the Rayleigh-Sommerfeld diffraction theory [21] , [22] . By addressing the two processes separately, accelerating the process of characterizing the TM of the scattering media, and theoretically calculating the phase compensation of the SPM, our optimized algorithm is more efficient than the conventional iterative algorithms. The ability of our optimized algorithm to focus light transmitted through scattering media was demonstrated via simulation. The simulation results showed that in an imaging system containing a HIRES lens, our optimized algorithm improves the speed of obtaining the phase compensation of the SPM by roughly three orders of magnitude compared to the conventional iterative algorithms. As an application example, we introduced a new method to image objects shaded by scattering media that requires no object pretreatment. The simulation images are of acceptable quality, and the time to form an image is expected to be greatly shortened since all the phase compensation values of the SPM are theoretically calculated. Fig. 1 shows the principle of the experiment to characterize the TM of the scattering media. After the collimated light is split by a 50:50 beam splitter, the sample light beam passes through the scattering media while the reference beam passes through air. The intensity cast on the CCD camera is the interference of the two beams
Optimized Algorithm

Characterizing the TM of the Scattering Media
where k is the wave vector of incident light; I 1 and φ 1 are the intensity and phase of the reference beam in the CCD plane, respectively; I 2 and φ 2 are the intensity distribution and phase of the sample beam in the CCD plane, respectively; I is the interference intensity of the two beams; and is the optical path difference between the two beams, which can be measured directly. The intensity distribution of the reference beam (or the sample beam) can also be measured by blocking the sample beam (or the reference beam). Because the incident light is collimated, the phase of the reference beam φ 1 in the CCD plane can be assumed as zero without losing generality. Derived from (1), the phase of the sample beam φ 2 in the CCD plane is 
where I 2r and φ 2r are the intensity and phase of the sample beam in the rear plane of the scattering media, respectively, D is the aperture of the scattering media, R is the distance between the rear plane of the scattering media and the CCD plane, r is the distance between an arbitrary point at the rear plane of the scattering media and another arbitrary point at the CCD plane, and λ is the incident wavelength. Although numerical solutions of I 2r and φ 2r can be obtained by inversely solving the definite integral in (4), it is not an easy process. Here, we use an alternative method to obtain I 2r and φ 2r through the light reciprocity principle. Ignoring the diffraction effects of the apertures, I 2r and φ 2r can be calculated through
where D CCD represents the aperture of the CCD. The TM of the scattering media can be calculated by
I 2f e jφ 2f (6) where TM denotes the TM of the scattering media, and I 2f and φ 2f are the intensity and phase of the sample beam on the front plane of the scattering media, respectively. Since the incident light is collimated, I 2f is equal to I 1 and φ 2f is a constant phase that can be assumed as zero without changing the characteristics of TM . Thus, the TM of the scattering media is
Calculating the Phase Compensation of the SPM
The 3-D optical system used in this study is schematically shown in Fig. 2 (a). By assuming an incident light field on the front plane of the SPM in the form of E i n (x 1 , y 1 ), we can express the light field on the rear plane of the SPM as
where φ C (x 1 , y 1 ) indicates the phase compensation of the SPM. 
where E (x 3 , y 3 ) denotes the light field in the focal plane of the optical system in Fig. 2(a) , and
is the light field in the focal plane excited by the wavelet located at ( Fig. 2(b) . If all field components at a point (x 3 , y 3 ) of the focal plane excited by the wavelets located at different segments of the rear plane of the SPM have the same phase, the incident light beam is converged [9] . The convergence phase condition can be expressed as
where angle() represents the phase of the complex field, (x 
indicating the point spread functions of the subsystems in Fig. 2(b) , where the wavelet is located at the reference segment and segment i respectively. Using (8) , (10), (11a), and (11b), we find the required phase compensation for the SPM to satisfy the convergence condition for segment i across the rear plane as
where φ C (x 
respectively, with R 1 denoting the distance between the rear plane of the SPM plane and the front plane of the scattering media and R 2 denoting the distance between the rear plane of the scattering media plane and the focal plane, and
With the incident light field known and the point spread function of the system calculated using (13a), (13b), (14a), (14b), and (14c), (12) suggests that the phase compensation in segment i is merely a function of the TM of the scattering media. As such, the phase compensation in segment i can be evaluated using (12) after the TM of the scattering media is deduced from (7). Since there is no restriction on the focusing point, the light beam transmitted through scattering media can converge anywhere on the focal plane by varying the phase compensation of SPM. It is worth mentioning that because the TM of the scattering media is generally wavelength dependent, the phase compensation of the SPM must be wavelength dependent as well. Additionally, when the scattering medium is changed, the experiment shown in Fig. 1 has to be repeated to re-extract the TM. As can be derived from the above discussion, after the TM of the scattering media is characterized, the phase compensation of the SPM can be obtained. Therefore, our optimized algorithm can still work well.
Features
Convergence of the Disordered Speckles
Simulations are conducted to validate that the phase compensation of the SPM calculated by our optimized algorithm can have the transmitted light through scattering media focused. The Relative shot noise SNR 2
same optical system depicted in Fig. 2(a) is used in this simulation. The adopted parameters are R 1 = 1 mm, R 2 = 0.35 mm, D = 1 mm, and λ = 488 nm. During our simulation, the TM of the scattering media is assumed to have been obtained correctly. The simulation results are shown in Fig. 3 . Fig. 3(a) shows the disordered speckles of the light transmitted through scattering media without the wavefront shaped by the SPM. Fig. 3(b) shows the focused light behind the scattering media when the incident wavefront is shaped by the phase compensation, as calculated using our optimized algorithm. It is evident that by using the phase compensation introduced by the SPM, focusing can be achieved through scattering media, which otherwise presents a disordered speckled distribution.
Computation Time for the Required Phase Compensation
The number of iterations, total number of measurements, total consumed time, enhancement, and SNR are the most important parameters characterizing the efficiency and quality of the conventional iterative algorithms [15] - [17] . To compare the conventional iterative algorithms and our optimized algorithm, we have listed these parameters in Table 1 for a SPM with N = 1804 segments. The data in Table 1 for the conventional iterative algorithms are from reference [15] , and the data for our optimized algorithm are from the simulation and analytical results. As shown in Table 1 , our optimized algorithm is a more efficient method of obtaining the phase compensation of the SPM than the conventional iterative algorithms for the following reasons: (i)
The process of characterizing the TM of the scattering media is much faster using our optimized algorithm than when using the conventional iterative algorithms because all the elements of the TM are simultaneously obtained through several measurements and a few calculations in our optimized algorithm. (ii) The theoretical calculation of the phase compensation of the SPM is fast. (iii) The two processes involved in our optimized algorithm are implemented independently. Therefore, the phase compensation of the SPM only needs to be recalculated when the optical setup or the optical components in a system are changed. (iv) The process of characterizing the TM can be skipped in some application cases. In the case of a HIRES lens that can be reused in different imaging systems, the TM can be obtained and provided in its product manual. Thus, only the phase compensation of the SPM needs to be calculated when the HIRES lens is used in an imaging system. In an imaging system containing the HIRES lens, it takes approximately 4.6 s using Matlab (installed on a Thinkpad L440) to calculate the phase compensation of the SPM with 1804 segments. In the same imaging system, the typical time to characterize the phase compensation of the SPM with the same segments is approximately 6000 s [15] . Obviously, our optimized algorithm improves the speed of obtaining the phase compensation of the SPM by approximately three orders of magnitude. The shorter time to obtain the phase compensation of the SPM through our optimized algorithm enables fast imaging in this type of imaging system.
The quality of our algorithm is also higher than that of the stepwise sequential algorithm and the continuous sequential algorithm and is approximately equal to the quality of the partitioning algorithm. Since the four algorithms share the same fundamental principle of "interference focusing" [5] and the elements of the TM of a disordered medium are independent and have a Gaussian distribution [15] , the enhancement of these algorithms are the same. Nevertheless, the relative shot noise SNR of the four algorithms are different. The measurement noise that affects the measured TM's phase of the scattering media is the origin noise of our algorithm. Similar to the algorithms in reference [15] , the last term in (1) is the relevant signal for measuring the TM's phase, while the first two terms constitute a constant bias [15] . For an interference experiment that uses 50:50 beam splitters to characterize the TM of the scattering media, I 2 ≈ I 1 . Therefore, if the detection system is photon shot noise limited [15] , the signal is 2I 1 and the noise is √ 2I 1 , resulting in a SNR of √ 2I 1 . To obtain a higher SNR, the intensity of the reference beam must be increased.
Application
Our approach can generally find applications in nanomanipulation [24] , focusing and microscopy through biological tissues, and imaging through fogs, or muddy water [25] . In imaging applications such as scattered light fluorescence microscopy (SLFM) [5] , our approach can be cost-effective when a raster scanning of the focus is required. While the conventional method drawn from the iterative algorithm has to involve a hardware rotating device for raster scanning, our approach just needs to alter the phase compensation of the SPM calculated through (12) without any complication or even a minor change on the hardware setup, as the focus formed through our algorithm can be anywhere across the object plane.
Additionally, our approach can be time efficient. In an application example, when the optical setup or the lenses in a SLFM are changed for higher magnification or a wider field view, an updating of the phase compensation of the SPM is required. As illustrated in Table 1 , it is much faster to update the phase compensation of the SPM through theoretical calculation when using our algorithm than through experimental work when using the conventional iterative algorithms. Another application of our approach in fast imaging to replace the conventional SLFM is scattered light computation microscopy (SLCM), which can image an object shaded by scattering media. Compared to SLFM, SLCM does not require object pretreatment, and it runs much faster.
The principle of the SLCM is depicted in Fig. 4 , in which the optical path between the object plane and the SPM plane is exactly the reversed path between the SPM plane and the focal plane shown in Fig. 2(a) . If the incident light in Fig. 2(a) is a divergent spherical beam emitted from a point source, the light transmitted through the scattering media can converge to a segment at M (x y 1 ) , which can be found Fig. 4 . Principle of the SLCM. The optical path between the object plane and the SPM plane is exactly the reversed path between the SPM plane and the focal plane shown in Fig. 2(a) . For clarity, the scanning process through the object plane for a full image is not shown. using (12) . As mentioned in Section 2, the location of the focal point at the focal plane can be altered by varying the phase compensation of the SPM. Following the principle of light reciprocity, the light transmitted through the SPM becomes a convergent spherical beam that focuses onto a single point after the collimated incident light in Fig. 4 is focused at M (x in the object plane. By raster scanning over all the segments in the object plane (by tilting the collimated incident light), simultaneously updating the phase compensation of the SPM along the varying segments, and recording the intensity of the converged field at the focal point in the CCD plane, we are able to image an object shaded by scattering media.
As all the phase compensation values of the SPM can be pre-calculated using the optimized algorithm presented in section 2 for a given scattering media, the entire imaging process is fast if the scattering media does not change and its TM is characterized. The simulation images of the numbers given in Fig. 5(a) (through the same scattering media) show that numbers are clearly seen through the SLCM, as shown by Fig. 5(c) . The background noise in Fig. 5(c) is attributed to the diffraction effect of the apertures and computation errors, which will not be further discussed in this work. For comparison, simulated images of the numbers viewed through scattering media without the SPM are shown in Fig. 5(b) . It is evident that, by using the phase compensation introduced by the SPM, objects shaded by scattering media can be successfully imaged, as shown in Fig. 5(c) . Without the SPM, these images would appear as disordered speckles, as shown in Fig. 5(b) .
Conclusion
We have optimized the conventional iterative algorithms to achieve greater efficiency in focusing a light beam passing through scattering media by spatial wavefront shaping. The optimized algorithm includes two independent processes: characterizing the TM of the scattering media and calculating the phase compensation of the SPM. The simulation results show that with the wavefront of the incident light shaped by a SPM in the phase compensation obtained by our optimized algorithm, the light beam transmitted through scattering media reconverges well. As a result of the simultaneous obtainment of the TM for all the elements through several measurements and a few calculations in our optimized algorithm, it takes less time to characterize the TM of the scattering media using our optimized algorithm than using the conventional iterative algorithms. The phase compensation of the SPM can then be theoretically calculated immediately. The time consumed to determine the phase compensation using our optimized algorithm is therefore much shorter than that using the conventional iterative algorithms. In a particular type of imaging system where the first process can be skipped, the speed to obtain the phase compensation using our optimized approach is improved by approximately three orders of magnitude. As an application example, we have proposed a SLCM method to image objects shaded by scattering media. The method does not require object pretreatment or a long computing time. Its ability to image numbers has been demonstrated by our simulations. This optimized algorithm is therefore appealing for cost-effective and time-efficient imaging through scattering media.
